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ABSTRACT
We use the canonical description of T-duality as well as the formulation of T-duality
in terms of chiral currents to investigate the geometric and non-geometric faces of
closed string backgrounds originating from principal torus bundles with constant H-
flux. Employing conformal field theory techniques, the non-commutative and non-
associative structures among generalized coordinates in the so called Q-flux and R-
flux backgrounds emerge by gauging the Abelian symmetries of an enlarged Rocˇek-
Verlinde sigma-model and projecting the associated chiral currents of the enlarged
theory to the T-dual coset models carrying non-geometric fluxes.
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1 Introduction
Flux vacua of closed string theory have been investigated in great detail in recent
years (for topical reviews, see, for instance, [1, 2]). Various superstring backgrounds
were brought to light in that context, including examples of geometric as well as non-
geometric spaces. Non-geometry is a relatively new concept in string theory whose
necessity and importance were unveiled in a series of papers by employing T-duality
and its coordinate dependent generalizations [3]-[21], but it should also be noted that
non-geometric string constructions appeared long time ago in conformal field theory
using free fermions, free bosons and asymmetric orbifolds [22]-[25]. It was found that
closed strings on non-geometric flux backgrounds have surprising features in that
they exhibit non-commutativity and non-associativity among the closed string coor-
dinates and their momenta [26, 27]. These new algebraic structures were investigated
further in a subsequent series of papers [28]-[41], focusing on the derivation of the
commutation relations for different string models and their mathematical interpreta-
tion. Independent studies by other authors, following a more mathematical line of
thought, have also come to the conclusion that non-commutative and non-associative
tori arise from geometric flux vacua by a sequence of T-dualities [42, 43].
Non-geometric backgrounds capture properties of string theory that cannot be for-
mulated in terms of conventional compactifications of supergravity. The prime exam-
ple is provided by the T-dual faces of toroidal flux vacua, known as Q- and R-flux
models, but there are also examples of non-geometric spaces that do not have geo-
metric duals [44, 45]. However, it remains a challenge to this day how to define and
explore the properties of non-geometric closed string vacua in all generality and find a
unifying principle to describe geometry and non-geometry on equal footing. Double
geometry and double field theory (DFT) seem to be the most prominent candidates
for encompassing string models and their T-dual faces in a democratic way [46]-[68].
There are two different classes of non-geometric spaces. The first class are Q-
spaces, which are locally geometric in that they resemble differentiable manifolds lo-
cally, but they fail to be globally geometric because their gluing conditions involve
T-duality transformations and not just diffeomorphisms. In that case, departure from
ordinary geometry is mild and it manifests as non-commutativity of the closed string
coordinates. The target space still makes good sense as a fibration though the mon-
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odromy of the fibres, as one goes around the base space, is non-trivial. The second
class are R-spaces, which fail to be differentiable manifolds globally as well as locally.
Then, the concept of target space geometry breaks down completely and the string
coordinates exhibit commutation relations of a non-commutative and non-associative
algebra.
It is the aim of the present work to provide an alternative conformal field the-
ory (CFT) derivation of the commutation relations among the closed string coordi-
nates of non-geometric flux vacua, focusing attention to the well known class of three-
dimensional models with parabolic monodromies, which carry H-, f -, Q- and R-flux
and they are interrelated by T-dualities. The commutation relations of the closed
string coordinates of these models have already been derived using the operator ap-
proach [32] (but see also the computation based on Dirac brackets that was reported
in ref. [38]). The approach we take here is entirely based on CFT world-sheet meth-
ods and it complements nicely the previous work on the subject that brought to light
the non-commutative and non-associative aspects of those flux string models. The
present paper also extends and refines the CFT computations of ref. [28], where the
non-associativity was derived from the structure of CFT scattering amplitudes among
tachyon vertex operators in the R-flux background. The results of ref. [28] led to
the introduction of a non-associative tri-product among functions, which was further
investigated in [31, 33]. However, as noted in [28], the non-associative structure of
CFT scattering amplitudes in the R-flux background is only visible when some of the
tachyon momenta are taken off-shell, whereas on-shell the physical scattering am-
plitudes are associative, as expected in any conformal field theory. This result was
analyzed further in the context of double field theory [61], showing, in particular, that
the non-associative tri-product acts non-trivially on functions of doubled space only
when the strong DFT constraint is violated.
In this paper, we compute directly the underlying commutation relations of some
suitably defined generalized string coordinates of the H-, f -, Q- and R-flux back-
grounds, without making reference to off-shell nor on-shell amplitudes. For this pur-
pose, we start from the ungauged non-linear sigma-model of Rocˇek and Verlinde [69],
which provides the "parent" theory in our framework. It contains chirally conserved
U(1) world-sheet currents J I and J¯ I , which transform in a simple linear way un-
der T-duality transformations. The associated T-dual "child" theories are obtained by
gauging the associated axial/vector like U(1) symmetries. The U(1) currents J I and
J¯ I are not anymore chirally conserved when they are expressed in terms of the target
space coordinates X I of the associated "child" theories, but they still transform linearly
under T-duality. Actually, as will be seen later in detail, the non-commutative and/or
non-associative structures that arise in the presence of non-geometric fluxes refer to
generalized string coordinates X I , which are defined by the world-sheet integrals of
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the Rocˇek-Verlinde currents J I and J¯ I as X I = ∫ J Idz and X¯ I = ∫ J¯ Idz¯ with pre-
scribed integration paths. The generalized coordinates also transform nicely under
T-duality, mapping the commutative geometry of geometric flux backgrounds to the
non-commutative geometry of the non-geometric flux backgrounds via T-duality, as
it has already been advocated in ref. [27].
It should be noted at this point that the currents J I and J¯ I used in this paper are
refined compared to the choice of currents made in ref. [28]. It should also be em-
phasized that the non-commutative and/or non-associative algebras that we are dis-
cussing here do not arise among the sigma-model coordinates X I of the child theories
with non-geometric fluxes, but they rather emerge by projecting the chiral currents
of the parent theory to the child gauged sigma-models and expressing the general-
ized coordinates X I as world-sheet integrals of those non-chiral currents. We further
note that the algebra of currents in the parent Rocˇek-Verlinde theory is completely
commutative and associative, unlike the non-trivial commutation relations that can
emerge in the quotient. All these put on firm basis the existing results for toroidal
flux models and they also provide the means to explore generalizations to other non-
geometric backgrounds of current interest, including the Q- and R-frames of Wess-
Zumino-Witten models on group manifolds (see, for instance, [15, 67, 68]).
The material of this paper is organized as follows. In section 2, we recall the de-
scription of T-duality as canonical transformation [70]-[74] on the coordinates X I and
momenta PI of the world-sheet sigma-model, hereby introducing the notion of dual
coordinates X˜ I and dual momenta P˜I , which, in general, are expressed non-locally in
terms of the original phase space variables. We also consider the chiral currents of
the parent Rocˇek-Verlinde model and combine them with the canonical approach to
T-duality, hereby expressing those currents in terms of the (dual) coordinates of the
gauged child theories. The action of T-duality as automorphism of the currents in
the underlying conformal field theory turns out to be useful for string backgrounds
without isometries, giving rise to non-geometries. In section 3, we focus on toroidal
flux models originating from T3 with constant H-flux and explain how T-duality is
used at work to obtain the geometric and non-geometric faces of closed string spaces.
We also define the generalized coordinates X I of the parabolic flux backgrounds via
the projected currents of the parent Rocˇek-Verlinde theory. In section 4, we confirm
the emergence of non-commutative and non-associative structures in the commuta-
tion relations of the generalized closed strings coordinates and momenta of the Q-flux
and R-flux models, respectively, by conformal field theory methods. Finally, in sec-
tion 5, we present our conclusions and discuss some open problems for future work.
There are also three appendices summarizing the basic definitions and properties of
the monodromies arising in T2 fibrations over S1 (Appendix A), the salient features
of the parabolic H- f - Q- and R-flux models, which are detached from the main text
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(Appendix B), as well as some dilogarithmic integrals, based on the definitions and
properties of the dilogarithm function found in ref. [75], which are repeatedly used in
the text for the computation of the commutation relations (Appendix C).
Certain aspects of the canonical approach to string non-commutativity were also
discussed recently in ref. [76], following a complementary route. There, the mon-
odromies of toroidal fibrations are not built into the closed string boundary conditions
a priori, but they rather come out a posteriori. In this sense, there is partial overlap of
their results with our section 4, but our presentation is more natural for the purposes
of string theory. Our work also emphasizes for the first time the use of generalized
string coordinates.
2 Canonical T-duality and redefinedworld-sheet currents
Our starting point is the world-sheet action of a general non-linear sigma-model with
metric G and anti-symmetric tensor field B couplings that provide the background for
string propagation,
S =
1
2πα′
∫
dzdz¯ (GI J(X) + BI J(X)) ∂X
I ∂¯X J . (2.1)
The inverse string tension is α′ ∼ l2s and it can be normalized to 1. The target space
coordinates X I are two-dimensional fields labeled by I = 1, 2, · · · , d. The action (2.1)
is often used to describe the entire space in which the string propagates, but it can
also be part of it when it is tensored together with other blocks to maintain conformal
invariance upon quantization. There is also a dilaton field Φ(X) that enters in the
renormalization group analysis of the sigma-model, but this is suppressed here.
In this section, we review the T-duality rules of the sigma-model in the presence
of an isometry in target space [70] and use them to discuss the general features of
the commutation relations among the coordinates in the T-dual faces of string back-
grounds. Explicit calculations will be performed in subsequent sections for specific
models. We focus on the interpretation of T-duality as canonical transformation in the
phase space of the two-dimensional sigma-model (2.1) [71, 72, 73], as well as on the
axial-vector quotient description of T-dual backgrounds that follows by gauging chi-
ral symmetries [69]. These two approaches are complementary to each, leading to the
important notion of dual coordinates. The dual coordinates are expressed non-locally
in terms of the original fields, accounting for non-commutativity/non-associativity in
the applications that will be considered later.
Note that the duality rules are applicable to all sigma-models, including, for ex-
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ample, principal chiral models, irrespective of conformal invariance. However, if the
original model is conformal, the dual model will also be conformal for appropriate
choice of the dilaton field. In the latter case, T-duality acts as a solution generating
symmetry at the fixed points of the renormalization group equations and it is pro-
moted to an exact symmetry of string theory relating two conformal field theories
with different target space geometries. Further details and applications of target space
duality in string theory can be found in the report [74], and references therein, which
also discuss the continuous T-duality rules and their discrete variants for general back-
grounds admitting n commuting isometries in terms of O(n, n) group elements.
2.1 T-duality as canonical transformation
Suppose that the background does not depend on the coordinate X1, i.e., ∂/∂X1 is an
isometry of the world-sheet action in adapted coordinates of target space. The com-
ponents of the corresponding Killing vector field ξ = kI∂/∂X I are kI = (1, 0, · · · , 0)
and k2 = GI Jk
IkJ is the length-squared of ξ. Setting z = (τ + σ)/2 and z¯ = (τ − σ)/2,
so that ∂ = ∂/∂τ + ∂/∂σ and ∂¯ = ∂/∂τ − ∂/∂σ, the Lagrangian density takes the
following form
L = V
2
(
(X˙1)2 − (X1 ′)2
)
+ X˙1(J1 + J¯1)− X1 ′(J1 − J¯1) + U , (2.2)
where
V = G11 = k
2 , U =
1
2
(
Gij + Bij
)
∂Xi ∂¯X j (2.3)
with i and j taking all other values of I and J but 1 and
J1(z, z¯) =
1
2
(G1i − B1i) ∂Xi , J¯1(z, z¯) = 12 (G1i + B1i) ∂¯X
i . (2.4)
Next, we apply Legendre transformation to the pair of variables (X1, X˙1). The
momentum conjugate to the coordinate X1 is
P1 = VX˙
1 + J1 + J¯1 (2.5)
and, hence, the Hamiltonian density (or better to say the Routhian, since the transfor-
mation is performed only with respect to the cyclic coordinate X1 that does not appear
explicitly in the Lagrangian) is
H = 1
2V
(P1)
2 +
V
2
(X1
′
)2 +
1
2V
(J1 + J¯1)
2 − 1
V
P1(J1 + J¯1) + X
1 ′(J1 − J¯1)−U . (2.6)
Let us now perform a canonical transformation (X1, P1) → (X˜1, P˜1) generated by the
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function
F = 1
2
∮
S1
(X1X˜′1 − X1
′
X˜1)dσ (2.7)
so that
P1 =
δF
δX1
= X˜′1 , P˜
1 = − δF
δX˜1
= X1
′
. (2.8)
We call X˜1 and P˜
1 the dual coordinate and momentum to X1 and P1, respectively.
Then, in terms of the dual variables, the Hamiltonian takes the form
H˜ = V
2
(P˜1)2 +
1
2V
(X˜′1)
2 +
1
2V
(J1 + J¯1)
2 − 1
V
X˜′1(J1 + J¯1) + P˜
1(J1 − J¯1)−U . (2.9)
Varying H˜ with respect to P˜1, we find that the dual velocity and momentum are re-
lated to each other as follows,
˙˜X1 = VP˜
1 + J1 − J¯1 . (2.10)
Finally, we perform the inverse Legendre transformation with respect to (X˜1, P˜
1) and
arrive at the dual Lagrangian
L˜ = 1
2V
(
( ˙˜X1)
2 − (X˜′1)2
)
− 1
V
˙˜X1(J1 − J¯1) + 1V X˜
′
1(J1 + J¯1) + U˜ , (2.11)
where
U˜ = U − 2
V
J1 J¯1 . (2.12)
The form of the dual Lagrangian L˜ is identical to the original Lagrangian L pro-
vided that the background fields of the dual non-linear sigma-model with target space
coordinates (X˜1,X
i) are taken to be
G˜11 =
1
G11
, G˜1i =
B1i
G11
, G˜ij = Gij −
G1iG1j − B1iB1j
G11
,
B˜1i =
G1i
G11
, B˜ij = Bij −
G1iB1j − B1iG1j
G11
. (2.13)
These are precisely Buscher rules for T-duality with respect to a Killing vector field ξ
in adapted coordinates [70], which are formulated as canonical transformation in the
phase space of the two-dimensional non-linear sigma-model [71, 72, 73]. A more com-
pact way to describe the T-duality transformation along X1 is provided by combining
the metric and anti-symmetric tensor fields as EI J = GI J + BI J and letting
E˜11 =
1
E11
, E˜1i =
E1i
E11
, E˜i1 = − Ei1E11 , E˜ij = Eij −
Ei1E1j
E11
. (2.14)
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Conformal invariance of the world-sheet sigma-model also requires that the corre-
sponding dilaton field transforms as Φ˜ = Φ− logV.
The effect of T-duality can be neatly described by a non-local redefinition of the
target space coordinate associated to the Killing isometry. For this purpose, we write
down the transformation of the derivatives of the Killing coordinate
∂X1 =
1
E11
(∂X˜1 − Ei1∂Xi) , ∂¯X1 = − 1E11 (∂¯X˜1 + E1i ∂¯X
i) (2.15)
by combining the canonical transformation (2.8) with the expressions for the momenta
(2.5) and (2.10). Substituting the expressions (2.14), we arrive at the integral formula
X1(z, z¯) =
∫ z
(E˜11∂X˜1 + E˜i1∂X
i)dz′ −
∫ z¯
(E˜11∂¯X˜1 + E˜1i∂¯X
i)dz¯′ (2.16)
expressing X1 in terms of the dual background. There is an analogous formula ex-
pressing X˜1 in terms of the original background, as
∂X˜1 = E11∂X
1 + Ei1∂X
i , ∂¯X˜1 = −(E11∂¯X1 + E1i∂¯Xi) , (2.17)
which integrates to
X˜1(z, z¯) =
∫ z
(E11∂X
1 + Ei1∂X
i)dz′ −
∫ z¯
(E11∂¯X
1 + E1i∂¯X
i)dz¯′ . (2.18)
These expressions show that T-duality acts, in general, in a rather complicated non-
local way on the target space coordinates.
For constant backgrounds, i.e., for a free two-dimensional conformal field theory
with EI J = δI J, the action of T-duality looks very simple. For compactifications on a
circle, the left- and right-moving coordinates are chiral,
X1L(z) =
∫ z
∂X1(z′, z¯′)dz′ , X1R(z¯) =
∫ z¯
∂¯X1(z′, z¯′)dz¯′ , (2.19)
and they transform as follows, by specializing equation (2.18),
X˜1L = X
1
L , X˜1R = −X1R . (2.20)
Hence, one immediately obtains the well-known T-duality relation among the coordi-
nates X1 and X˜1 of the two dual models,
X1 = X1L + X
1
R −→ X˜1 = X1L − X1R . (2.21)
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In all other cases, one can still introduce variables X1L and X
1
R by adding and sub-
tracting the integral expressions (2.16) and (2.18), thus decomposing the coordinates
X1 and X˜1 as
X1 = X1L + X
1
R , X˜1 = X
1
L − X1R . (2.22)
The effect of T-duality is still summarized by equation (2.21), as for the case of free
fields. Note, however, that X1L and X
1
R are not chiral and anti-chiral world-sheet
functions, in general, because ∂X1(z, z¯) and ∂¯X1(z, z¯) are not separately conserved on
general backgrounds. Although the general case of non-constant background fields
EI J(X
i) looks much more involved, it can also be understood in terms of appropri-
ately defined chiral currents, as will be seen in the next subsection using a self-dual
sigma-model.
If we were considering a canonical transformation with generating function −F ,
flipping the sign of F in defining equation (2.7), X˜1 would be replaced by −X˜1 and
Buscher rules would be a variant of equations (2.13), picking a minus sign in the
transformation law of G˜1i and B˜1i. Then, E˜1i and E˜i1 (but not E1i and Ei1, since X
1
remains inert) should flip signs in the corresponding expressions (2.16) and (2.18) re-
lating X1 with X˜1 and T-duality would manifest as X˜1L = −X1L and X˜1R = X1R instead
of X˜1L = X
1
L and X˜1R = −X1R as a matter of convention.
2.2 T-duality in terms of chiral currents
According to Rocˇek and Verlinde, any pair of dual sigma-models can be represented
as quotients of it, showing that T-duality transformations act as automorphism on
the algebra of conformal fields [69]. The construction is reminiscent of modern day
double field theory, though here it is taken on the world-sheet, since the master action
includes the Killing coordinate and its dual counterpart on equal footing. We outline
the main steps and results that will be used later in the calculations.
First, let us consider a variant of the two-dimensional non-linear sigma-model
(2.1), which is naturally defined by the action
S′ =
1
2πα′
∫
dzdz¯
(
gij(X) + bij(X)
)
∂Xi∂¯X j . (2.23)
Here, the target space is (d − 1)-dimensional with coordinates Xi instead of X I =
(X1,Xi) that appear in the original action S. The metric gij and the anti-symmetric
tensor field bij are not identical to Gij and Bij of the original action, by restricting them
on the orbits of the Killing vector field ξ = ∂/∂X1, but they will be related to them
later.
Next, we enlarge the target space by introducing two additional coordinates X1L
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and X1R, which are a priori unrelated to the Killing coordinate X
1 of S, and define a
new (d + 1)-dimensional "parent" sigma-model
SLR = S
′ +
1
2πα′
∫
dzdz¯
[
∂X1L∂¯X
1
L + ∂X
1
R∂¯X
1
R + 2B(X)∂X
1
R ∂¯X
1
L +
2GLi (X)∂X
i ∂¯X1L + 2G
R
i (X)∂¯X
i∂X1R
]
(2.24)
whose couplings B(X), GLi (X) and G
R
i (X) depend only on the d − 1 coordinates Xi.
With some additional ingredients that will be introduced shortly, X1L and X
1
R help
to reconstruct the coordinate X1 and its dual X˜1, making T-duality manifest. The
enlarged action (2.24) admits an U(1)L × U(1)R symmetry under δX1L = αL(z) and
δX1R = αR(z¯) with corresponding currents
J 1(z) = ∂X1L + B(X)∂X1R + GLi (X)∂Xi ,
J¯ 1(z¯) = ∂¯X1R + B(X)∂¯X1L + GRi (X)∂¯Xi (2.25)
that are chirally conserved on the world-sheet, i.e.,
∂¯J 1(z) = 0 = ∂J¯ 1(z¯) . (2.26)
Gauging the symmetry U(1)L × U(1)R completes the construction of the master
action. It is achieved with the aid of a gauge field with components (A, A¯) that couple
to X1L, X
1
R and X
i as follows,
S
(±)
gauged = SLR +
1
2πα′
∫
dzdz¯
[
AJ¯ 1± A¯J 1 + 1
2
(1± B(X))AA¯
]
. (2.27)
The different signs correspond to the two possible ways to gauge the symmetry, em-
ploying either axial or vector gauging, δX1L = α and δX
1
R = ∓α. The resulting gauged
action (2.27) is self-dual in that it encompasses the original non-linear sigma-model S
and its T-dual S˜ on equal footing.
Indeed, integrating out the gauge fields, we obtain the original action S for one
gauging and the dual action S˜ for the other gauging. The resulting d-dimensional
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dual "child" actions are1
S = S′ +
1
2πα′
∫
dzdz¯
[1+ B
1− B∂X
1∂¯X1 +
2
1− B G
R
i ∂X
1∂¯Xi +
2
1− B G
L
i ∂¯X
1∂Xi +
2
1− B G
L
i G
R
j ∂X
i ∂¯X j
]
(2.28)
and
S˜ = S′ +
1
2πα′
∫
dzdz¯
[1− B
1+ B
∂X˜1∂¯X˜1 − 2
1+ B
GRi ∂X˜1∂¯X
i +
2
1+ B
GLi ∂¯X˜1∂X
i − 2
1+ B
GLi G
R
j ∂X
i ∂¯X j
]
. (2.29)
The identification is exact provided that the Killing coordinates of S and S˜ are chosen
to be
X1 = X1L + X
1
R , X˜1 = X
1
L − X1R (2.30)
and they are required to have the same periodicity. Thus, X1L and X
1
R reconstruct
the Killing coordinate and its dual, as in the canonical formulation of T-duality. The
couplings appearing in the action SLR should also be adjusted as
G11 =
1+ B
1− B , G1i ∓ B1i =
2
1− B G
R,L
i (X) (2.31)
and
Gij = gij +
1− B
2
(
G1iG1j − B1iB1j
)
, Bij = −bij − 1− B2
(
G1iB1j − B1iG1j
)
, (2.32)
hereby expressing B(X), GR,Li (X), gij(X) and bij(X) in terms of the background fields
GI J(X) and BI J(X) of the d-dimensional target space associated to the action S.
With these identifications in mind, we obtain the T-duality rules for the compo-
nents of the metric GI J and the anti-symmetric tensor field BI J by comparing the two
actions S and S˜,
G˜11 =
1
G11
, G˜1i =
B1i
G11
, G˜ij = Gij −
G1iG1j − B1iB1j
G11
,
B˜1i =
G1i
G11
, B˜ij = Bij −
G1iB1j − B1iG1j
G11
, (2.33)
which are exactly the transformation rules (2.13). Looking at the expressions (2.28),
1We assume that the world-sheet is topologically trivial to avoid unnecessary complications that
arise by the presence of a total derivative term ∂X1 ∂¯X˜1 − ∂X˜1∂¯X1 in the Lagrangian, which is omitted.
Of course, higher genera should be employed to establish T-duality as an exact symmetry of theory to
all orders in string perturbation theory, but they are beyond the scope of the present discussion.
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(2.29) and (2.30), it follows that the T-duality rules (2.33) can be neatly summarized as
B → −B , GL,Ri → ±GL,Ri , X1L → X1L , X1R → −X1R . (2.34)
An immediate consequence is that the chiral currents (2.25) transform under duality
as
J 1(z) → J 1(z) , J¯ 1(z¯)→ −J¯ 1(z¯) . (2.35)
Thus, T-duality leaves the left-moving current J1(z) invariant and acts by flipping
the sign of the right-moving current J¯1(z¯), as in the case of free fields. If the enlarged
sigma-model (2.24) is conformally invariant in the quantum regime, the pair of dual
sigma-models S and S˜ will also be conformal; in that case, the resulting models are
equivalent as quantum field theories. The duality among sigma-models, as defined
above, is a valid classical operation for non-conformal backgrounds as well, but in
those cases the two models are not equivalent as quantum field theories.
The previous discussion generalizes to backgrounds with n commuting isometries,
in which case the enlarged action SLR involves d + n target space coordinates, encom-
passing the Killing coordinates and their dual counterparts in a unified way. SLR ex-
hibits an U(1)nL ×U(1)nR chiral symmetry with associated currents J a(z) and J¯ a(z¯)
for each a = 1, 2, · · · , n. Gauging all symmetries axially or vectorially results into
two sigma-models that are related by a general O(n, n) T-duality transformation. Fur-
ther details can be found in the report [74] and references therein.
It is tempting to use the enlarged action SLR for the world-sheet description of dou-
ble field theory, which also encompasses the coordinates and their dual counterparts
on equal footing in target space. Work in this direction is in progress.
2.3 Combining the two approaches
Let us now explain the different meaning of the Rocˇek-Verlinde currents in the en-
larged parent theory SLR and in the reduced child theories S and S˜ obtained by quo-
tient. The key point is that X1L and X
1
R are independent fields of the enlarged theory,
but they are interrelated by duality in the reduced theories. The form of the currents
in S and S˜ will be obtained by eliminating X˜ in favor of X, and vice versa, through the
canonical formulation of T-duality, hereby combining the two approaches.
As explained before, the parent currents (2.25) are chiral by the classical equations
of motion of the enlarged two-dimensional non-linear sigma-model (2.24) and they
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take the following form
J 1(z) = ∂X1L +
G11 − 1
G11 + 1
∂X1R +
1
G11 + 1
E1i∂X
i ,
J¯ 1(z¯) = ∂¯X1R +
G11 − 1
G11 + 1
∂¯X1L +
1
G11 + 1
Ei1∂¯X
i . (2.36)
They can be rewritten in terms of the target space coordinate X1 = X1L + X
1
R and
X˜1 = X
1
L − X1R, assumed to be independent in SLR, as follows,
J 1(z) = 1
G11 + 1
(
G11∂X
1 + ∂X˜1 + E1i∂X
i
)
,
J¯ 1(z¯) = 1
G11 + 1
(
G11∂¯X
1 − ∂¯X˜1 + Ei1∂¯Xi
)
. (2.37)
Then, it is immediately obvious that J 1(z) remains invariant and J¯ 1(z¯) flips sign
under T-duality, since G˜11 = 1/G11, E˜1i = E1i/G11 and E˜i1 = −Ei1/G11.
The coordinates X1L and X
1
R are not chiral, in general, but one can always define
chiral coordinates X 1L (z) and X 1R(z¯) in the enlarged theory SLR, letting
J 1(z) = ∂X 1L (z) , J¯ 1(z¯) = ∂¯X 1R(z¯) . (2.38)
Then, T-duality is reformulated as automorphism
X˜1L(z) = X 1L (z) , X˜1R(z¯) = −X 1R(z¯) . (2.39)
Likewise, one can introduce the following combinations of chiral components
X 1 = X 1L + X 1R , X˜1 = X 1L −X 1R (2.40)
and restate T-duality in direct analogy with free fields, as
X 1 = X 1L + X 1R −→ X˜1 = X 1L −X 1R . (2.41)
These new fields are non-locally expressed in terms of the target space coordinates
X I = (X1,Xi) of the original sigma-model (2.1). The free fields X 1 and X˜1 exist only
in the master theory SLR for general backgrounds. Of course, for ordinary toroidal
backgrounds we have X 1 = X1 and X˜1 = X˜1, in which case these fields are well
defined in the coset theories as well.
Next, using the non-local relations (2.15) and (2.17) among X1 and X˜1, we can
eliminate one coordinate in favor of the other and express the parent Rocˇek-Verlinde
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currents in the original sigma-model frame S as
J 1 = 2
G11 + 1
(
G11∂X
1 + G1i∂X
i
)
, J¯ 1 = 2
G11 + 1
(
G11∂¯X
1 + G1i∂¯X
i
)
(2.42)
and in the dual sigma-model frame S˜ as
J 1 = 2
G˜11 + 1
(
G˜11∂X˜
1 + G˜1i∂X˜
i
)
, J¯ 1 = − 2
G˜11 + 1
(
G˜11∂¯X˜
1 + G˜1i∂¯X˜
i
)
. (2.43)
It is immediately obvious that these "child" currents are not chiral fields of the original
sigma-model nor its dual, in general. Thus, as expected by taking the quotient, the
currents J 1 and J¯ 1 are not bona fide conformal fields of the coset theory S nor its dual
S˜. The physical operators of the coset conformal field theory S or S˜ should necessarily
commute with the BRST charge of the gauged sigma-model (2.27) and they should be
defined up to BRST commutators. T-duality acts by automorphisms only in the self-
dual theory SLR, whereas after the gauging the currents (2.42) of one reduced theory
are mapped to the currents (2.43) of the other.
Let us illustrate this point by considering the well known example of the SU(2)
WZW model and its gauged variant SU(2)/U(1). In this case, the SU(2) group ele-
ments are parametrized canonically as
g = e
i
2XLσ3e
i
2 θσ1e
i
2XRσ3 (2.44)
and the action of the SU(2) WZW model for the coordinates θ, XL and XR is the en-
larged action SLR, which is subsequently gauged. The corresponding Rocˇek-Verlinde
currents for the U(1)L ×U(1)R symmetry that is gauged are (dropping the index 1 for
convenience)
J (z) = ∂XL + cos(2θ)∂XR , J¯ (z¯) = ∂¯XR + cos(2θ)∂¯XL (2.45)
and they correspond to the Cartan generators of the SU(2)L × SU(2)R current al-
gebra of the SU(2) WZW model. Here, we have B = cos(2θ), accounting for the
anti-symmetric tensor field of the SU(2) model in the XL and XR directions, whereas
GL,Ri = 0. Setting X = XL + XR, X˜ = XL − XR and noting that G11 = cot2θ = 1/G˜11,
we obtain by gauging the two dual faces of the SU(2)/U(1) WZW model described
by the actions S and S˜ with respective target space metrics
ds2 = dθ2 + cot2θ dX2 (2.46)
and
ds˜2 = dθ2 + tan2θ dX˜2. (2.47)
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There is also a corresponding dilaton, required by conformal invariance, but no anti-
symmetric tensor field.
The currents (2.45) are chiral, i.e., ∂¯J (z) = 0 = ∂J¯ (z¯) by the equations of motion
of the SU(2) WZWmodel, and they can be rewritten as
J (z) = cos2θ ∂X + sin2θ ∂X˜ , J¯ (z) = cos2θ ∂¯X − sin2θ ∂¯X˜ , (2.48)
treating X and X˜ as independent fields of the enlarged theory SLR. After gauging, X
and X˜ are not independent, but they are dual to each other related by ∂X˜ = cot2θ ∂X
and ∂¯X˜ = −cot2θ ∂¯X. Then, in the reduced theory S the two currents take the form
J (z, z¯) = 2cos2θ ∂X , J¯ (z, z¯) = 2cos2θ ∂¯X , (2.49)
whereas in the reduced theory S˜ they are expressed as
J (z, z¯) = 2sin2θ ∂X˜ , J¯ (z, z¯) = −2sin2θ ∂¯X˜ . (2.50)
It can be easily seen, using the classical equations of motion following from S or S˜,
respectively, that these are no longer chiral after gauging, hence, their dependence
on both z and z¯ indicated above. Also, it becomes obvious that the dual J of S is
the J of S˜ and the dual J¯ of S is the −J¯ of S˜, unlike the left and right components
of the currents (2.48) of the ungauged SU(2) WZW model, which are self-dual and
anti-self-dual, respectively.
Similar considerations apply to the toroidal flux vacua of closed string theory that
will be considered next in detail.
3 Parabolic flux vacua of closed stings
Let us first consider the case of a 3-torus, T3, with GI J = δI J (taking all radii equal to
1 to simplify the presentation), constant dilaton and background H-flux given by the
field strength of the anti-symmetric tensor field,
HI JK = ∂IBJK + ∂KBI J + ∂J BKI . (3.1)
Then, the original sigma-model action (2.1) takes the form
S =
1
2πα′
∫
dzdz¯ (δI J + BI J(X)) ∂X
I ∂¯X J (3.2)
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and the classical equations of motion are
∂∂¯X I =
1
2
H I JK∂X
J ∂¯XK. (3.3)
More generally, we can consider flux backgrounds which are T3 fibrations over a
base manifold M, but, here, M is taken to be a point to avoid unnecessary technicali-
ties.
When the H-flux is not zero, the theory (3.2) is not conformally invariant at the
quantum level. Indeed, to lowest order in α′, the beta functions of the metric, anti-
symmetric tensor field and dilaton are, respectively,
β(GI J) = −1
4
HI
KLHJKL , β(BI J) = −1
2
∂K H
K
IJ ,
β(Φ) = −23
6
− 1
24
HI JK H
I JK. (3.4)
The theory becomes conformal (though subcritical) only when the H-flux is constant
and very weak, so that O(H2) terms are negligible. In the following, we choose to
work in this dilute flux approximation to implement T-dualities and denote the corre-
sponding conformal field theory where all operations will be made by CFTH.
The defining background, which is called H-flux vacuum of closed string the-
ory, exhibits Abelian isometries, but their number depends on the choice of the anti-
symmetric tensor field. BI J is taken to be linear in the toroidal coordinates, so that
HI JK is constant. A particularly convenient choice is
B12 = H X
3 , B23 = 0 = B31 (3.5)
so that CFTH exhibits two commuting isometries labeled by a = 1, 2, whereas I =
1, 2, 3. Another convenient choice is
B12 =
H
2
X3 , B23 = 0 , B31 =
H
2
X2 , (3.6)
which accounts for only one isometry associated to the coordinate X1. Finally, there is
yet another (more symmetric) choice
B12 =
H
3
X3 , B23 =
H
3
X1 , B31 =
H
3
X2 (3.7)
in which case none of the isometries is manifest and Buscher’s rules, which involve
the field B rather than H, are not directly applicable. Yet, the various choices of the 2-
form field B are related by gauge transformations B → B+ dΛ for appropriate choices
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of Λ and the T-dual faces of the model should be gauge independent.
In the following, we stick to the choice (3.5) for B, which makes manifest the maxi-
mum number of isometries of the model. The H-flux background and its T-dual faces
belong in the class of toroidal fibrations and they exhibit non-trivial monodromies.
These mathematical aspects of the model, as well as the description of the so called
f -flux, Q-flux and R-flux backgrounds that arise by successive T-duality transforma-
tions are discussed in detail in Appendices A and B, respectively, together with the
monodromies of their currents that encode non-trivial closed string boundary condi-
tions.
3.1 T-dual coordinates
Consider the solution to the classical equations of motion of the H-fluxmodel in terms
of free fields, which to linear order in H reads
X I(z, z¯) = X I0,L(z) + X
I
0,R(z¯) +
1
2
H I JKX
J
0,L(z)X
K
0,R(z¯) (3.8)
for all I = 1, 2, 3. This expression is independent of the gauge choice for the 2-form
field B, which only affects the form of the dual coordinates. Our task is to find similar
expressions for the dual coordinates in terms of free fields for the choice (3.5).
Recall that the dual coordinate to X1 is defined by the following general relations
∂X˜1 = E11∂X
1 + Ei1∂X
i, ∂¯X˜1 = −(E11 ∂¯X1 + E1i ∂¯Xi) . (3.9)
For the model at hand we have E11 = 1 and E1i = −Ei1 = B1i and so
∂X˜1 = ∂X
1 − HX3∂X2, ∂¯X˜1 = −∂¯X1 − HX3∂¯X2. (3.10)
Substituting the free field realization (3.8) of the toroidal coordinates, we obtain
∂X˜1 = ∂X
1
0,L − HX30,L∂X20,L −
H
2
∂(X20,LX
3
0,R + X
3
0,LX
2
0,R) , (3.11)
∂¯X˜1 = −∂¯X10,R − HX30,R∂¯X20,R −
H
2
∂¯(X20,LX
3
0,R + X
3
0,LX
2
0,R) . (3.12)
Integration is straightforward and it yields the following result for the dual coordinate
X˜1(z, z¯) = X
1
0,L(z)− X10,R(z¯)−
H
2
(
X20,L(z)X
3
0,R(z¯) + X
3
0,L(z)X
2
0,R(z¯)
)
−
H
∫ z
X30,L(w)∂X
2
0,L(w)dw − H
∫ z¯
X30,R(w¯)∂¯X
2
0,R(w¯)dw¯ , (3.13)
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whereas the corresponding expression for the original coordinate X1, following from
eq. (3.8), is
X1(z, z¯) = X10,L(z) + X
1
0,R(z¯) +
H
2
(
X20,L(z)X
3
0,R(z¯)− X30,L(z)X20,R(z¯)
)
. (3.14)
Next, we define the fields
X1L(z, z¯) =
1
2
(X1 + X˜1) , X
1
R(z, z¯) =
1
2
(X1 − X˜1) (3.15)
in terms of which T-duality reads
X1L(z, z¯)→ X1L(z, z¯) , X1R(z, z¯)→ −X1R(z, z¯) . (3.16)
Their free field realization follows from above, leading to the expressions
X1L(z, z¯) = X
1
0,L(z)−
H
2
X30,L(z)X
2
0,R(z¯)−
H
2
∫ z
X30,L(w)∂X
2
0,L(w)dw −
H
2
∫ z¯
X30,R(w¯)∂¯X
2
0,R(w¯)dw¯ , (3.17)
X1R(z, z¯) = X
1
0,R(z¯) +
H
2
X20,L(z)X
3
0,R(z¯) +
H
2
∫ z
X30,L(w)∂X
2
0,L(w)dw +
H
2
∫ z¯
X30,R(w¯)∂¯X
2
0,R(w¯)dw¯ . (3.18)
Thus, the effect of T-duality, going from the H-flux to the f -flux background, can be
neatly expressed in terms of free fields as follows,
X10,L(z) → X10,L(z) , (3.19)
X10,R(z¯) → −X10,R(z¯)− HX20,L(z)X30,R(z¯)
− H
∫ z
X30,L(w)∂X
2
0,L(w)dw − H
∫ z¯
X30,R(w¯)∂¯X
2
0,R(w¯)dw¯ , (3.20)
leaving Xi0,L(z) and X
i
0,R(z¯) inert for the remaining toroidal coordinates i = 2, 3.
Let us now prepare to pass to the Q-flux model by performing T-duality along the
direction X2 of the f -flux model. On the f -flux background there is an off-diagonal
component of the metric G12 = f X
3, identifying H ≡ f , whereas all diagonal com-
ponents are 1 as before. Furthermore, the 2-form field vanishes. The dual coordinate
to X2 is defined by specializing the defining relations (3.9) to the f -flux model whose
coordinates are X˜1, X
2, X3. We have
∂X˜2 = ∂X
2 + HX3∂X˜1, ∂¯X˜2 = −∂¯X2 − HX3∂¯X˜1. (3.21)
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Employing equation (3.10) we can eliminate X˜1 and express everything in terms of the
coordinates X I of the original H-flux model. To linear order in H ≡ f ≡ Q the result
is
∂X˜2 = ∂X
2 + HX3∂X1, ∂¯X˜2 = −∂¯X2 + HX3∂¯X1. (3.22)
Note that these are precisely the defining relations of X˜2 if we were to perform a T-
duality of the H-flux model along the X2 direction alone. Thus, the dual coordinates
can be invariantly defined using the H-flux model and it does not matter if another
duality has been performed first.
According to equation (3.8), the original coordinate X2 admits the following free
field realization,
X2(z, z¯) = X20,L(z) + X
2
0,R(z¯)−
H
2
(
X10,L(z)X
3
0,R(z¯)− X30,L(z)X10,R(z¯)
)
. (3.23)
Then, comparing (3.10) to (3.22) and (3.14) to (3.23), we see that the corresponding ex-
pressions are simply related by exchanging the coordinate indices 1 and 2 and flipping
the sign of H at the same time. Implementing these operations to equations (3.17) and
(3.18), we immediately obtain the following result for the left- and right-components
of X2 and X˜2, respectively,
X2L(z, z¯) = X
2
0,L(z) +
H
2
X30,L(z)X
1
0,R(z¯) +
H
2
∫ z
X30,L(w)∂X
1
0,L(w)dw +
H
2
∫ z¯
X30,R(w¯)∂¯X
1
0,R(w¯)dw¯ , (3.24)
X2R(z, z¯) = X
2
0,R(z¯)−
H
2
X10,L(z)X
3
0,R(z¯)−
H
2
∫ z
X30,L(w)∂X
1
0,L(w)dw −
H
2
∫ z¯
X30,R(w¯)∂¯X
1
0,R(w¯)dw¯ . (3.25)
Finally, combining the above, we see that the effect of T-duality, going from the
H-flux to the Q-flux background, can be neatly expressed in terms of free fields as
X10,L(z) → X10,L(z)− HX30,L(z)X20,R(z¯)− H
∫ z¯
X30,R(w¯)∂¯X
2
0,R(w¯)dw¯ , (3.26)
X10,R(z¯)→ −X10,R(z¯)− HX20,L(z)X30,R(z¯)− H
∫ z
X30,L(w)∂X
2
0,L(w)dw (3.27)
and
X20,L(z) → X20,L(z) + HX30,L(z)X10,R(z¯) + H
∫ z¯
X30,R(w¯)∂¯X
1
0,R(w¯)dw¯ , (3.28)
X20,R(z¯) → −X20,R(z¯) + HX10,L(z)X30,R(z¯) + H
∫ z
X30,L(w)∂X
1
0,L(w)dw , (3.29)
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whereas X30,L(z) and X
3
0,R(z¯) remain inert.
3.2 Currents and generalized coordinates
The Rocˇek-Verlinde approach of gauging the isometries does not require conformality
and, as such, it is also applicable to tori with large H-flux. Here, we are limiting
ourselves to CFTH. Then, the corresponding currents (2.42) take the simple form
J a = ∂Xa, J¯ a = ∂¯Xa (3.30)
in terms of the toroidal coordinates a = 1, 2. Using the solution (3.8) of the classical
equations of motion of the H-flux model with very weak constant flux, the Rocˇek-
Verlinde parent currents take following form in terms of free fields,
J I(z, z¯) = ∂X I(z, z¯) = ∂X I0,L(z) +
1
2
H I JK∂X
J
0,L(z) X
K
0,R(z¯)
J¯ I(z, z¯) = ∂¯X I(z, z¯) = ∂¯X I0,R(z¯) +
1
2
H I JKX
J
0,L(z) ∂¯X
K
0,R(z¯) . (3.31)
Here, the index I is meant to be a = 1, 2, but for later use we also extend the definition
to encompass J 3(z, z¯) := ∂X3(z, z¯) and J¯ 3(z, z¯) := ∂¯X3(z, z¯), although the latter have
no analogue in the enlarged theory SLR.
The currents J a and J¯ a are chiral fields of the enlarged parent theory SLR, i.e.,
∂¯J a = 0 = ∂J¯ a, and, thus, they can be readily used to describe the dual faces of
CFTH by the automorphisms J a → J a and J¯ a → −J¯ a. However, these currents are
not chiral in the context of the reduced child theory CFTH, since there are obstructions
of order H, which arise by the field equations (3.3). They rather satisfy the non-chiral
conservation laws
∂¯J I − ∂J¯ I = 0 , (3.32)
which are immediate and obvious for all I = 1, 2, 3. The monodromy properties of
those currents are described in Appendix B for all T-dual faces of the constant flux
vacua.
As emphasized before, this difference is attributed to the simple fact that the Rocˇek-
Verlinde currents do not commute with the BRST charge of the gauged sigma-model
associated to the enlarged theory SLR. Our results about non-commutativity and/or
non-associativity of the (appropriately defined) coordinates of the dual faces of CFTH
that will be discussed later rely on this subtle point. In fact, the cohomological in-
terpretation of the resulting algebraic structures in terms of 2- and 3-cocycles can be
solely described in terms of the BRST (i.e., Lie algebra) coboundary operator and it is
inherited in the reduced theory by gauging. Thus, non-commutativity and/or non-
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associativity arise only in the reduced theory and not in the enlarged theory, which is
manifestly commutative and associative. This interpretation, which will be pursued
later in the discussions, ties up nicely with the idea that the enlarged theory SLR can
be used further to provide the world-sheet description of double field theory.
The coordinates X I do not transform in a simple linear way under T-duality. How-
ever, we can define generalized coordinates X I(z, z¯) = X IL(z, z¯) + X IR(z, z¯) that trans-
form nicely under T-duality, as dictated by eq. (2.39). The generalized coordinates are
integrals of the Rocˇek-Verlinde currents J I and J¯ I, given by eq.(3.31), of the follow-
ing form,
X IL(z, z¯) =
∫ z
a
J I(z′, z¯′)dz′ , X IR(z, z¯) =
∫ z¯
a¯
J¯ I(z′, z¯′)dz¯′ . (3.33)
Here a and a¯ are some complex integration constants. The expressions above involve
integration over the world-sheet coordinate σ in the (τ, σ)-plane in radial quantiza-
tion, which is adopted hereafter, and, therefore, they should be defined as circular
integrals in the complex z-plane, keeping |z| and |z¯| fixed (and, thus, it is also implic-
itly assumed that |z| = |a| and |z¯| = |a¯|). The corresponding fields X I should be
regarded as the proper generalized string coordinates of the σ-model to first order in
perturbation theory. The commutation relations of the coordinates X I and X J , and
not of X I and X J , and their dual counterparts, will be in focus later.
The different meaning of (J I , J¯ I) in CFTH and SLR is also reflected in their oper-
ator product expansions. In CFTH, we use the free field 2-point functions
< ∂X I0,L(z)∂X
I ′
0,L(w) >=
δI,I
′
2(z− w)2 , < ∂¯X
I
0,R(z¯)∂¯X
I ′
0,R(w¯) >=
δI,I
′
2(z¯− w¯)2 (3.34)
to obtain the following expansions, to linear order in H,
J I(z, z¯)J I ′(w, w¯) = δ
I,I ′
2(z−w)2 +
1
4
H I I
′
K
z¯− w¯
(z− w)2 J¯
K(w, w¯) + · · · , (3.35)
J¯ I(z, z¯)J¯ I ′(w, w¯) = δ
I,I ′
2(z¯− w¯)2 +
1
4
H I I
′
K
z−w
(z¯− w¯)2 J
K(w, w¯) + · · · , (3.36)
J I(z, z¯)J¯ I ′(w, w¯) = 1
4
H I I
′
K
(J K(w, w¯)
z¯− w¯ −
J¯ K(w, w¯)
z− w
)
+ · · · , (3.37)
where dots denote non-singular terms. There is no holomorphic factorization of the
current algebra because of the mixed terms involving X I0,L(z) and X
I
0,R(z¯) in the free
field realization (3.31) via the fluxes. In the enlarged theory SLR, on the other hand,
holomorphic factorization is guaranteed by construction, leading to the operation
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product expansion of a U(1)L ×U(1)R current algebra for each generator,
J I(z)J I ′(w) = δ
I,I ′
2(z−w)2 , J¯
I(z¯)J¯ I ′(w¯) = δ
I,I ′
2(z¯− w¯)2 , J
I(z)J¯ I ′(w¯) = 0 ,
(3.38)
up to non-singular terms that are irrelevant.
Strictly speaking, the index I should be restricted to the Killing directions 1 and 2,
but their operator product expansion gives rise to J 3 and J¯ 3 in the context of CFTH.
These additional currents are not associated to an isometry and they are the ones that
obstruct holomorphic factorization. Note, however, that it is not consistent with the
free field realization (3.31) to project them out by forming an ideal of the algebra. Their
appearance in the same multiplet with the ordinary Rocˇek-Verlinde currents should
be held responsible for the emergence of the non-commutative and non-associative
structure when T-duality is formally performed in the third non-Killing direction to
yield the non-geometric R-flux vacuum of closed string theory.
4 Canonical T-duality and non-commutativity
This section is devoted to the derivation of the non-commutative and non-associative
relations among the generalized coordinates appearing in the different T-dual faces of
the constant flux background. As such, it contains our main results, whereas all other
material in the paper can be regarded as prerequisite for their derivation.
4.1 Preliminaries: the case of free fields
First, we briefly discuss the commutation relations among free fields, using the formal-
ism of conformal field theory, as warm up, while preparing the ground for the deriva-
tion of the commutation relations among the generalized coordinates of the flux back-
grounds by similar techniques. Recall that the free fields X I0(z, z¯) = X
I
0,L(z) + X
I
0,R(z¯)
possesses the following mode expansion
X I0,L(z) = x
I
0,L − ipIL log z + i ∑
n 6=0
1
n
αInz
−n ,
X I0,R(z¯) = x
I
0,R − ipIR log z¯ + i ∑
n 6=0
1
n
α¯Inz¯
−n , (4.39)
introducing complex coordinates as z = eτ−iσ and z¯ = eτ+iσ. All commutators are
derived from the free field propagators of the left- and right-moving fields, which are
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taken to be
〈X I0,L(z)X J0,L(w)〉 =
1
2
δI J log(z−w) ,
〈X I0,R(z¯)X J0,R(w¯)〉 =
1
2
δI J log(z¯− w¯) ,
〈X I0,L(z)X J0,R(w¯)〉 = 0 (4.40)
with the appropriate normalization of the string tension.
Let us compute the equal time commutator of the left-moving coordinate X I0,L(z)
with its derivative ∂wX
J
0,L(w). Time ordering becomes radial ordering in the complex
z-plane, and, thus, the equal time commutator [X I0,L(τ, σ), ∂wX
J
0,L(τ, σ
′)] is defined as
follows, taking into account the δ-prescription,
[X I0,L(τ, σ), ∂wX
J
0,L(τ, σ
′)] = [X I0,L(z), ∂wX
J
0,L(w)]|z|=|w| =
= lim
δ→0+
((
X I0,L(z)∂wX
J
0,L(w)
)
|z|=|w|+δ−
(
∂wX
J
0,L(w)X
I
0,L(z)
)
|z|=|w|−δ
)
.(4.41)
Using the two-point function (4.40), we obtain by contraction that
[X I0,L(z), ∂wX
J
0,L(w)]|z|=|w| = −
1
2
δI J lim
δ→0+
(
1
z− w ||z|=|w|+δ−
1
z− w ||z|=|w|−δ
)
(4.42)
and so, choosing z = e±δ−iσ, w = e−iσ′ , i.e., τ = ±δ, τ′ = 0 and ϕ = σ− σ′, the above
commutator works out to be
[X I0,L(z), ∂wX
J
0,L(w)]|z|=|w| = −
1
2
δI J lim
δ→0+
(
e−δ+iσ
1− e−δ+iϕ +
eiσ
′
1− e−δ−iϕ
)
= −1
2
δI J
(
eiσ
∞
∑
m=0
eimϕ + eiσ
′ ∞
∑
m=0
e−imϕ
)
= −πδI Jeiσ′δ(ϕ) = iπδI Jδ(z− w) . (4.43)
Next, we compute the equal time commutator of X I0,L(z) with X
J
0,L(w), represent-
ing X J0,L(w) by the integral
X J0,L(w) =
∫ w
dw˜ ∂w˜X
J
0,L(w˜) (4.44)
in view of the generalizations that will be considered later. The integral goes over
some path in the complex w-plane which is not a closed contour. The computation of
the equal time commutator dictates choosing a path of constant time, thus integrating
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along the circular direction in the complex plane by rewriting
X J0,L(w) = −i
∫ σ′
dσ˜′e−iσ˜
′
∂w˜X
J
0,L(w˜) . (4.45)
Then, the commutator [X I0,L(τ, σ), X
J
0,L(τ, σ
′)] is computed in steps as follows,
[X I0,L(τ, σ), X
J
0,L(τ, σ
′)] = [X I0,L(z), X
J
0,L(w)]|z|=|w|
= [X I0,L(z),
∫ w
dw˜ ∂w˜X
J
0,L(w˜)]|z|=|w|
= −i
∫ σ′
dσ˜′e−iσ˜
′
[X I0,L(z), ∂w˜X
J
0,L(w˜)]|z|=|w˜|
= iπδI J
∫ ϕ
dϕ˜ δ(ϕ˜) =
iπ
2
δI J ǫ(ϕ) , (4.46)
using also the identity (C.2) found in Appendix C. The same result is obtained directly
from the logarithmic expression (4.40) for the propagator, without making use of the
integral formula above.
Using the same techniques, one obtains similar expressions for the commutators
for the right-moving free fields
[X I0,R(τ, σ), X
J
0,R(τ, σ
′)] = [X I0,R(z¯), X
J
0,R(w¯)]|z¯|=|w¯| = −
iπ
2
δI J ǫ(ϕ) . (4.47)
Finally, combining the expressions (4.46) and (4.47), the equal time commutators
among X I0(z, z¯) = X
I
0,L(z) + X
I
0,R(z¯) and the dual coordinates X˜
J
0(z, z¯) = X
J
0,L(z) −
X J0,R(z¯) work out to be
[X I0(τ, σ), X
J
0(τ, σ
′)] = [X I0,L(z), X
J
0,L(w)]|z|=|w| + [X
I
0,R(z¯), X
J
0,R(w¯)]|z¯|=|w¯| = 0 ,
[X˜ I0(τ, σ), X˜
J
0(τ, σ
′)] = [X I0,L(z), X
J
0,L(w)]|z|=|w| + [X
I
0,R(z¯), X
J
0,R(w¯)]|z¯|=|w¯| = 0 ,
[X I0(τ, σ), X˜
J
0(τ, σ
′)] = [X I0,L(z), X0,L(w)
J ]|z|=|w|− [X I0,R(z¯), X J0,R(w¯)]|z¯|=|w¯|
= iπδI J ǫ(ϕ) , (4.48)
as expected. Since ǫ(0) = 0, we have [X I0(τ, σ), X˜
J
0(τ, σ
′)] = 0 for σ = σ′.
4.2 Non-commutativity for interacting fields with constant fluxes
We are now in position to extract the general structure of the commutation relations
among the closed string coordinates for toroidal backgrounds with constant flux by
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conformal field theory techniques based on the formalism introduced in the previous
sections. Analogous calculations were performed earlier, first in ref. [27] and then in
[32], using the world-sheet operator formalism of parabolic models (but see also [38]
for the computation of Dirac brackets among the coordinates), and they were subse-
quently extended to backgrounds with elliptic monodromies in ref. [29]. As will be
seen here, the CFT treatment is more efficient, making the origin of non-commutativity
more transparent compared to the previous approaches. The main advantage of the
CFT formalism is that T-duality acts in a simple way, flipping the sign of the right-
moving generalized coordinates.
The σ-model coordinates X I(z, z¯) are not anymore free fields, but they interact
with each other in the presence of fluxes. Since the left- and right-moving coordi-
nates X IL(z, z¯) and X
I
R(z, z¯) are not directly related to currents that transform linearly
under duality transformations, we were led to consider the generalized coordinates
X I , as discussed in the previous section, which are the integrals of the Rocˇek-Verlinde
currents J IL (z, z¯) and J¯ IR(z, z¯). We have
X I(z, z¯) = X IL(z, z¯) +X IR(z, z¯) , (4.49)
letting
X IL(z, z¯) =
∫ z
a
J IL (z′, z¯′)dz′ , X IR(z, z¯) =
∫ z¯
a¯
J¯ IR(z′, z¯′)dz¯′ . (4.50)
As explained earlier, T-duality in the I-direction acts on the currents J IL (z, z¯) and
J¯ IR(z, z¯) as well as on the corresponding generalized coordinates X IL(z, z¯) and X IR(z, z¯)
in a simple linear way,
J IL (z, z¯) −→ J IL (z, z¯) , J¯ IR(z, z¯) −→ −J¯ IR(z, z¯) ,
X IL(z, z¯) −→ X IL(z, z¯) , X IR(z, z¯) −→ −X IR(z, z¯) . (4.51)
This does not mean that the T-dual faces of the interacting theory are self-dual, but it
is a statement that T-duality maps the generalized coordinates of one flux background
to the generalized coordinates of another and vice-versa.
It follows from the definition of the coordinates X IL(z, z¯) as integrals of the non-
chiral currents J IL (z, z¯) that such integrals are not anymore path-independent, but, in
fact, they depend on the chosen path in the complex plane; the same is also true for
the corresponding right-moving objects. Hence, it is necessary to specify the path of
integration in order to assign a well defined meaning to the generalized coordinates
X IL andX IR. Here, we apply the radial quantization for the computation of the commu-
tators by choosing circular paths around the origin of the complex plane, keeping |z|
and |z¯| fixed in the integrals, as in the case of free fields. Then, with this prescription
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in mind, which we adopt in the following, the generalized coordinates are defined as
follows,
X IL(z, z¯) = −i
∫ σ
dσ˜ e−iσ˜J IL (z, z¯) , X IR(z, z¯) = i
∫ σ
dσ˜ eiσ˜J¯ IR(z, z¯) , (4.52)
letting z = eτ−iσ and z¯ = eτ+iσ. It follows immediately that the non-holomorphic
terms of J IL (z, z¯), which depend on z¯, also contribute to the integral over z; similar
remarks apply to the holomorphic part of the currents J¯ IR(z, z¯).
Let us now consider the equal time commutators among the generalized coordi-
nates X I(z, z¯) and X J(w, w¯),
[X I(τ, σ), X J(τ, σ′)] = [X I(z, z¯), X J(w, w¯)]|z|=|w| =
lim
δ→0+
((X I(z, z¯)X J(w, w¯))|z|=|w|+δ− (X J(w, w¯)X I(z, z¯))|z|=|w|−δ
)
. (4.53)
It is convenient to split these commutators in four different pieces, namely
Θ
I J
LL(τ, σ, σ
′) := [X IL(z, z¯), X JL(w, w¯)]|z|=|w| ,
Θ
I J
RR(τ, σ, σ
′) := [X IR(z, z¯), X JR(w, w¯)]|z|=|w| ,
Θ
I J
LR(τ, σ, σ
′) := [X IL(z, z¯), X JR(w, w¯)]|z|=|w| ,
Θ
I J
RL(τ, σ, σ
′) := [X IR(z, z¯), X JL(w, w¯)]|z|=|w| , (4.54)
letting z = eτ−iσ and w = eτ′−iσ′ . Note that apart from the left- and right-moving
commutators ΘI JLL and Θ
I J
RR, which are in general non-vanishing, the cross terms Θ
I J
LR
and ΘI JRL can also be non-zero, because the operator products of J IL (z, z¯) with J JR(z, z¯)
(and, likewise, of J¯ IR(z, z¯) with J JL (z, z¯)) contain non-vanishing poles that contribute
to their expressions. Adding the left- and right-moving pieces together, we obtain the
following general structure for the commutation relations between X I = X IL + X IR
and X J = X JL +X JR,
ΘI J = [X I , X J ] = ΘI JLL + ΘI JRR + ΘI JLR + ΘI JRL . (4.55)
As emphasized before, X IL,R(z, z¯) are the appropriate generalized string coordi-
nates that transform nicely under T-duality. Then, starting from a given flux back-
ground and dualizing in the I-direction, the four commutators pieces transform, fol-
lowing (4.51), as
Θ
I J
LL → ΘI JLL , ΘI JRR → −ΘI JRR , ΘI JLR → ΘI JLR , ΘI JRL → −Θ
ij
RL (4.56)
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and, as a result, the total commutators in the dual background take the simple form
Θ
I J
dual = [X˜ I ,X J ] = ΘI JLL −ΘI JRR + ΘI JLR −ΘI JRL . (4.57)
Thus, starting from the H-flux background and applying two consecutive T-duality
transformations in the 1- and 2-directions, we obtain in steps:
(i) Geometric H-flux background:
Θ12H = Θ
12
LL + Θ
12
RR + Θ
12
LR + Θ
12
RL . (4.58)
(ii) Geometric f -flux background: after a T-duality in the 1-direction, we obtain
Θ12f = Θ
12
LL −Θ12RR + Θ12LR −Θ12RL . (4.59)
(iii) Non-geometric Q-flux background: another T-duality in the 2-direction yields
Θ12Q = Θ
12
LL + Θ
12
RR −Θ12LR −Θ12RL . (4.60)
As will be seen next, some of these commutators are zero and others are non-
vanishing, leading to non-commutativity in the corresponding flux vacua. The same
method leads to non-associativity by making another step in the 3-direction to reach
the non-geometric R-flux background.
4.3 Case by case computations
We will compute the individual pieces of the commutators among the generalized
coordinates for all T-dual faces of the parabolic flux model, case by case, using the
technical material contained in Appendix C.
4.3.1 Commutators of the H-flux background
Let us now apply this formalism to extract the commutators of the H-flux background.
In the following, we compute the off-diagonal commutators between the generalized
coordinates in the 1- and 2-directions of the H-flux background to linear order in the
fluxes. The diagonal commutators between the generalized coordinates and their dual
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counterparts in the same directions are identical to those found for the free fields in
the previous subsection.
The left- and right-moving currents of the H-flux background in the 1- and 2-
directions take the following form, according to eq. (3.31),
J 1L (z, z¯) = ∂X10,L(z) +
1
2
H(X30,R(z¯) ∂X
2
0,L(z)− X20,R(z¯)∂X30,L(z)) ,
J 2L (z, z¯) = ∂X20,L(z)−
1
2
H(X30,R(z¯) ∂X
1
0,L(z)− X10,R(z¯)∂X30,L(z)) ,
J¯ 1R(z, z¯) = ∂¯X10,R(z¯) +
1
2
H(X20,L(z) ∂¯X
3
0,R(z¯)− X30,L(z)∂¯X20,R(z¯)) ,
J¯ 2R(z, z¯) = ∂¯X20,R(z¯)−
1
2
H(X10,L(z) ∂¯X
3
0,R(z¯)− X30,L(z)∂¯X10,R(z¯)) . (4.61)
From these currents we obtain the following generalized coordinates in the 1- and
2- directions of the three-torus,
X 1L (z, z¯) = X10,L(z) + 12 H
∫ z
dz′ (X30,R(z¯
′) ∂′X20,L(z
′)− X20,R(z¯′)∂′X30,L(z′)) ,
X 1R(z, z¯) = X10,R(z¯) + 12 H
∫ z¯
dz¯′ (X20,L(z
′) ∂¯′X30,R(z¯
′)− X30,L(z′)∂¯′X20,R(z¯′)) ,
X 2L (z, z¯) = X20,L(z)− 12 H
∫ z
dz′ (X30,R(z¯
′) ∂′X10,L(z
′)− X10,R(z¯′)∂′X30,L(z′)) ,
X 2R(z, z¯) = X20,R(z¯)− 12 H
∫ z¯
dz¯′ (X10,L(z
′) ∂¯′X30,R(z¯
′)− X30,L(z′)∂¯′X10,R(z¯′)).(4.62)
We start with the equal time commutator piece Θ12LL to linear order in H, which is
Θ12LL(z,w, z¯, w¯) = [X 1L (z, z¯), X 2L (w, w¯)]
= −1
2
H
[
X10,L(z),
∫ w
∂′X10,L(z
′)X30,R(z¯
′)dz′
]
− 1
2
H
[
X20,L(w),
∫ z
∂′X20,L(z
′)X30,R(z¯
′)dz′
]
. (4.63)
Its computation proceeds by taking single contractions of the operators that appear in
the two terms above - there are no higher contractions - which effectively means that
the commutators correspond to classical Poisson (respectively Dirac brackets) prior to
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quantization. The following contractions contribute to Θ12LL,
Θ12LL(z,w, z¯, w¯) = −
[
1
2
H
∫ w(
〈X10,L(z)∂′X10,L(z′)〉X30,R(z¯′)
)
dz′
+
1
2
H
∫ z(
〈X20,L(w)∂′X20,L(z′)〉X30,R(z¯′)
)
dz′
]
|z|=|w|+δ
− the other half of the commutator (4.64)
It can be seen that the 1-point function of the operator X30,R(z¯
′) remains in the com-
mutator after the contraction. This looks rather unusual and one may naively expect
that the net result for the commutator is zero. Note, however, that we are comput-
ing these expressions in a sector of the string Hilbert space where the left- and right-
moving momenta p3L and p
3
R are not zero. For vanishing oscillator numbers, the string
level matching constraint implies that
p3L = ±p3R . (4.65)
Here, we concentrate on states with non-trivial winding number p˜3, having
p˜3 = p3L − p3R and p3L = −p3R . (4.66)
This, in turn, implies that themomentum operators pˆ3L,R possess non-vanishingmatrix
elements in the winding states,
〈p˜3|pˆ3L|p˜3〉 =
p˜3
2
, 〈p˜3|pˆ3R|p˜3〉 = −
p˜3
2
. (4.67)
The existence of winding states is closely related to the non-trivial monodromy
properties of the flux backgrounds, which are outlined in Appendices A and B. Specif-
ically, the monodromy induces non-trivial transformations of the coordinates X1, X2
and of the dual coordinates X˜1, X˜2 when going around the third circular direction by
making the shift
X3 → X3 + 2π (4.68)
and selects new closed string boundary conditions. In sectors with non-vanishing
winding number p˜3, the shift σ → σ+ 2π acts on X3 in the standard way,
X3(e−2iπz, e2iπ z¯) = X3(z, z¯)− 2π p˜3 , (4.69)
whereas, for non-vanishing fluxes, the currents J IL,R, with I = 1, 2, undergo non-
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trivial transformation given in terms a flux dependent monodromy matrixMI J, as
J IL,R(e−2iπz, e2iπ z¯) =MI J J JL,R(z, z¯) . (4.70)
The upshot of this discussion is that the commutators can be non-zero in string sec-
tors with non-vanishing winding number. The physical origin of this behavior should
be attributed to the modified closed string boundary conditions, which reflect the sim-
ple fact that non-local winding strings can capture the non-trivial global properties of
the flux background, thus giving rise to non-commutativity among the generalized
coordinates. We shall examine how this is precisely realized in all T-dual faces of
the parabolic flux model. With these explanations in mind, let us now continue with
the evaluation of the commutator pieces in the H-flux background and then use the
results to extract the total commutators in all other T-dual faces of the model.
Using the mode expansion of free fields, the 1-point function of X30,R(z¯
′), which is
given by (4.64), turns out to be
〈p˜3|X30,R(z¯′)|p˜3〉 = i
p˜3
2
log z¯′ (4.71)
in sectors with non-trivial winding number. Furthermore, using the 2-point functions
〈X10,L(z)∂′X10,L(z′)〉 = −
1
2(z− z′) , 〈X
2
0,L(w)∂
′X20,L(z
′)〉 = − 1
2(w− z′) , (4.72)
we arrive at the following intermediate result for Θ12LL,
Θ12LL(z,w, z¯, w¯) =
i
8
p˜3H
[∫ w( log z¯′
z− z′
)
dz′ +
∫ z( log z¯′
w− z′
)
dz′
]
|z|=|w|+δ
− the other half of the commutator . (4.73)
These integrals are evaluated in Appendix C (see, in particular, eq. (C.16)). Hence, we
obtain
Θ12LL(z,w, z¯, w¯) = −
iπ
4
Hp˜3
(
ϕ2
2π
− 1
π
Li2(eiϕ)
)
. (4.74)
Setting ϕ = 0, it yields
Θ12LL(τ, σ) = iHp˜
3π
2
12
. (4.75)
30
Likewise, we obtain the following result for ΘRR,
Θ12RR(z,w, z¯, w¯) = −
iπ
4
Hp˜3
(
ϕ2
2π
− 1
π
Li2(eiϕ)
)
, (4.76)
which for ϕ = 0 yields
Θ12RR(τ, σ) = iHp˜
3π
2
12
. (4.77)
Next, we compute the commutator piece ΘLR, which is given by the expression
Θ12LR(z, z¯,w, w¯) = [X 1L (z, z¯), X 2R(w, w¯)]
= −1
2
H
[
X10,L(z),
∫ w¯
X10,L(z
′)∂¯′X30,R(z¯
′)dz¯′
]
+
1
2
H
[
X20,R(w¯),
∫ z
∂′X30,L(z
′)X20,R(z¯
′)dz′
]
. (4.78)
Taking the single contractions, we find
Θ12LR(z,w, z¯, w¯) =
[
−1
2
H
∫ w¯
〈X10,L(z)X10,L(z′)〉∂¯′X30,R(z¯′)dz¯′
+
1
2
H
∫ z
∂′X30,L(z
′)〈X20,R(w¯)X20,R(z¯′)〉dz′
]
|z|=|w|+δ
− the other half of the commutator
=
[
− i
8
Hp˜3
(∫ w¯
dz¯′
log(z− z′)
z¯′
+
∫ z
dz′
log(w¯− z¯′)
z′
)]
|z|=|w|+δ
− the other half of the commutator . (4.79)
These integrals are evaluated in Appendix C (see, in particular, eq. (C.18)) and so we
have
Θ12LR(z,w, z¯, w¯) =
iπ
4
Hp˜3
(
ϕ2
2π
− 1
π
Li2(eiϕ)
)
. (4.80)
Setting ϕ = 0, it yields
Θ12LR(τ, σ) = −iHp˜3
π2
12
. (4.81)
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Likewise, we obtain the following result for ΘRL,
Θ12RL(z,w, z¯, w¯) =
iπ
4
Hp˜3
(
ϕ2
2π
− 1
π
Li2(eiϕ)
)
, (4.82)
which yields for ϕ = 0
Θ12RL(τ, σ) = −iHp˜3
π2
12
. (4.83)
Finally, adding up all four individual pieces, it comes out that the total commu-
tator of the generalized coordinates in the 1- and 2-directions vanishes in the H-flux
background; in fact, it vanishes even before taking the limit ϕ = 0. Thus, we end up
with
Θ12H (τ, σ) = Θ
12
LL + Θ
12
RR + Θ
12
LR + Θ
12
RL = 0 (4.84)
and commutativity is manifest.
4.3.2 Commutators of the geometric f -flux model
The geometric f -flux background is obtained from the H-flux face by a T-duality trans-
formation in the 1-direction, flipping
X 1L (z, z¯) −→ X 1L (z, z¯) , X 1R(z, z¯) −→ −X 1R(z, z¯) . (4.85)
In the computation of the corresponding commutators, we are still using the free fields
X10,L(z) and X
1
0,R(z¯) of the H-flux background, and, therefore, we do not have to repeat
here the entire CFT computation but we just have to implement the flip of signs of the
individual commutator pieces in the appropriate way, as given by eq. (4.59). Thus, we
obtain, setting H ≡ f ,
Θ12f (τ, σ) = Θ
12
LL −Θ12RR + Θ12LR −Θ12RL = 0 (4.86)
in the winding sector of string theory with non-vanishing p˜3. Commutativity is main-
tained.
4.3.3 Commutators of the non-geometric Q-flux model
The non-geometric Q-flux background follows by performing another T-duality in the
2-direction,
X 2L (z, z¯) −→ X 2L (z, z¯) , X 2R(z, z¯) −→ −X 2R(z, z¯) . (4.87)
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Now, for the first time, the total commutator is non-vanishing, since
Θ12Q (z,w, z¯, w¯) = Θ
12
LL + Θ
12
RR −Θ12LR −Θ12RL
= −iπQp˜3
(
ϕ2
2π
− 1
π
Li2(eiϕ)
)
(4.88)
with H ≡ f ≡ Q. Setting ϕ = 0, it yields
Θ12Q (τ, σ) =
iπ2
3
Qp˜3 . (4.89)
Thus, the generalized coordinates X 1 and X 2 of the Q-flux background are non-
commutative. The parameter of non-commutativity is provided by the winding num-
ber p˜3 in the third direction of the torus.
4.3.4 Commutators of the non-geometric R-flux model
The final T-duality with respect to the 3-direction is no longer described by the Buscher
rules (2.14) and (2.15), since the background depends explicitly on X3. An alternative
prescription is provided in the language of conformal field theory by the automor-
phism of the operator algebra, acting as
X 3L → X 3L , X 3R → −X 3R , p˜3 → p3 . (4.90)
Thus, starting from the H-flux background and dualizing it in all three directions, we
arrive to the non-geometric R-flux background, which is completely left-right asym-
metric in all three directions. It is not anymore a geometric manifold, even in a local
coordinate neighborhood. The commutator of the generalized coordinates in the 1-
and 2-directions becomes now
Θ12R (τ, σ) = [X 1(τ, σ), X 2(τ, σ)] =
iπ2
3
R p3 (4.91)
setting H ≡ f ≡ Q ≡ R.
In this case, the parameter of non-commutativity is provided by the momentum
number p3, which, in turn leads to non-associativity as violation of Jacobi identity
among the generalized coordinates.
This completes the derivation of the commutators in all T-dual faces of the parabolic
fluxmodel, confirming by CFT techniques the emergence of non-commutative and/or
non-associative structures in non-geometric backgrounds.
33
5 Conclusions and discussion
In this paper we confirmed the non-commutative and non-associative algebraic struc-
ture of the parabolic flux compactifications with constant geometric and non-geometric
fluxes, using the approach of canonical T-duality in conformal field theory. Combin-
ing this approach with the gauging procedure of Rocˇek and Verlinde, we found that
the non-commutative and non-associative relations arise in a subtle way. Namely,
these structures do not refer to the coordinates X I and the coordinates X˜ I of the dif-
ferent T-dual faces of the model, but they rather refer to generalized coordinates X I
and their dual counterparts X˜ I associated to the conserved currents of the underlying
Rocˇek-Verlinde "parent" theory. The resulting commutation relations are summarized
in the table below for all T-dual faces of the parabolic flux models.
T-dual frames Commutators Three-brackets
H-flux [X˜ I , X˜ J ] ∼ HǫI JK p˜K [X˜ 1, X˜ 2, X˜ 3] ∼ H
f -flux [X I , X˜ J ] ∼ f ǫI JK p˜K [X 1, X˜ 2, X˜ 3] ∼ f
Q-flux [X I , X J ] ∼ QǫI JK p˜K [X 1, X 2, X˜ 3] ∼ Q
R-flux [X I , X J ] ∼ RǫI JK pK [X 1, X 2, X 3] ∼ R
The third column of this table contains the non-trivial three-brackets among the gener-
alized coordinates, which reflect the non-associative tri-products for each of the four
flux backgrounds. This non-associative algebraic structure was further analyzed in
refs. [31, 33, 34, 35, 36, 37] in terms of 3-cocycles, star-products, tri-products and
related physics topics such as membrane sigma-models, magnetic monopole back-
grounds, and their quantization.
Since the generalized coordinates X I and their T-dual counterparts X˜ I do not
correspond to bona-fide conformal fields of the underlying CFT, there is no conflict
with the associativity of CFT amplitudes satisfied by on-shell physical fields. Our
computations do not require staying off-shell or going on-shell, and, hence, the non-
associativity of the phase space variables (X I , X˜ I , pI , p˜I) is not forbidden on general
grounds. In our view, non-geometric flux backgrounds should fit in a broad "geo-
metrical" picture in which the physical on-shell closed string fields, whose operator
algebra is fully associative, nevertheless live on a non-commutative and possibly non-
associative phase space. Then, as advocated in refs. [26, 27, 35], this space possesses a
minimal volume, which is set by the R-flux deformation parameter together with the
non-vanishing string length upon quantization. This picture is also consistent with
the role of non-associative commutation relations and tri-products in double field the-
ory [61]. Physical fields that satisfy the strong constraint in double field theory do not
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display any non-associative product structure. Still, they can live in a non-associative
doubled phase space with non-associative doubled coordinates, since there is no need
for the doubled coordinates to be physical fields satisfying the strong constraint.
It is certainly interesting to explore in more detail the relations between the dou-
bled CFT approach of Rocˇek and Verlinde on the string world-sheet and the doubled
target space description of double field theory. In fact, it is tempting to speculate that
the "parent" world-sheet theory of Rocˇek and Verlinde is just the proper world-sheet
analogue of target space double field theory (for a different world-sheet description
of double field theory see the recent work [77, 78]). Then, in this context, the chirally
conserved world-sheet currents J I and J¯ I giving rise to the generalized coordinates
X I and X˜ I seem to correspond to the doubled coordinates of double field theory. Pro-
jecting these currents to the "child" non-linear sigma-models by gauging seems to be
very similar in vain to the different ways of applying the strong constraint in double
field theory.
Finally, it would be interesting to investigate other non-geometric backgrounds by
similar methods, focusing, in particular, to the novel class of non-geometric spaces
that do not admit geometric duals, such as the asymmetric orbifold conformal field
theories [29, 44] and the closely related double elliptic spaces that arose recently by
dimensional reduction of double field theory [45] as well as to solutions of double
field theory for non-geometric group manifolds [15, 67, 68]. We hope to return to
these issues elsewhere.
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A Monodromies of toroidal fibrations
The monodromies specify the gluing conditions of the fibre when going around the
base space of a given fibration. Here, in view of the applications that are discussed
in this paper, we summarize the monodromy transformations of a three-dimensional
fibration with a one-dimensional circle S1 with coordinate X3 serving as the base and
a two-dimensional torus T2 with coordinates Xi = (X1, X2) as fibre.
Let GI J and BI J be the components of the metric and anti-symmetric fields on T
2,
which depend on the base point and they are conveniently combined as EI J = GI J +
BI J. Then, in this case, themonodromy transformations are given in terms ofO(2, 2;R)
transformations, which act on the background fields of the T2 in the following way,
E(X3 + 2π) =MO(2,2)E(X3) =
(
AE(X3) + B
)(
CE(X3) + D
)−1
, (A.1)
by going around the base space. Here, MO(2,2) is an element of the group O(2, 2;R)
represented as
MO(2,2) =
(
A B
C D
)
, (A.2)
where A, B, C and D are 2-dimensional matrices that satisfy the defining relations
AtC + Ct A = 0 , BtD + DtB = 0 , AtD + CtB = 1 . (A.3)
The right-hand side of equation (A.1) provides the T-dual background E˜(X3) of
E(X3) with respect to the two commuting isometries generated by the vector fields
tangent to the fibre T2. Thus, when the matrix elementM ∈ O(2, 2;R) is not trivial
and the gluing condition of the fibration involves a genuine T-duality transformation,
the space fails to be globally geometric. Likewise, if the transition function among
different patches involves a T-duality transformation that cannot be undone by a dif-
feomorphism, the space will fail to be locally geometric and the notion of T-folds has
to be used as substitute to ordinary differentiable manifolds. The monodromies of
different fibrations are essential for selecting the correct closed string boundary con-
ditions in the geometric and non-geometric spaces that are discussed in this paper.
It is convenient to parametrize the background fields of the fibre by two complex
scalars, known as the complex structure τ and the complexified Kähler class ρ of T2,
setting
τ =
G12
G11
+ i
V
G11
, ρ = −B12 + i V , (A.4)
where V =
√
detG denotes the volume element of the two-torus. Then, the O(2, 2)
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group splits naturally as follows,
O(2, 2;R) ≃ SL(2,R)τ × SL(2,R)ρ . (A.5)
The group factor SL(2,R)τ corresponds to reparametrization of the torus, acting as
modular transformations of its complex structure with generators Tτ : τ → τ+ 1 and
Sτ : τ → −1/τ. It reads
τ → aτ + b
cτ+ d
, with ad− bc = 1 . (A.6)
The other factor SL(2,R)ρ contains the shift of the B-field by a constant, Tρ : ρ →
ρ+ 1, as well as the T-duality transformation Sρ : ρ→ −1/ρ that reverses the volume
of the torus V → 1/V when B12 = 0. Its full action is given by
ρ→ a
′ρ+ b′
c′ρ+ d′
, with a′d′ − b′c′ = 1 . (A.7)
The embedding of SL(2,R)τ × SL(2,R)ρ in O(2, 2;R) is provided by the following
identification with the matrices A, B, C and D in equation (A.2),
A = a′
(
a b
c d
)
, B = b′
(
−b a
−d c
)
, C = c′
(
−c −d
a b
)
, D = d′
(
d −c
−b a
)
.
(A.8)
More explicitly, the matrix elements SO(2, 2;R) ≃ SL(2,R)τ × SL(2,R)ρ factorize as
MSO(2,2) =


a b 0 0
c d 0 0
0 0 d −c
0 0 −b a




1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0




a′ b′ 0 0
c′ d′ 0 0
0 0 d′ −c′
0 0 −b′ a′




1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

 ,
(A.9)
explaining the identification (A.8).
We also note for completeness that there are two discrete transformations that can
be appended to the previous description: the Z2 transformation (τ, ρ) → (ρ, τ) that
exchanges complex and Kähler structures and another Z2 transformation (τ, ρ) →
(−τ¯, − ρ¯). Both can be intertwined with world-sheet parity.
The group elements of each SL(2,R) factor, which are represented by the 2× 2
matrices
Mτ =
(
a b
c d
)
, Mρ =
(
a′ b′
c′ d′
)
, (A.10)
are classified according to their eigenvalues into elliptic, parabolic or hyperbolic ele-
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ments. Since the eigenvalues of M (it can be either Mτ or Mρ) satisfy the characteristic
polynomial equation
λ2 − tr(M)λ+ 1 = 0 , (A.11)
we have the following three distinct cases:
• If |tr(M)| < 2, the two eigenvalues will be complex conjugate and M is called
elliptic element.
• If |tr(M)| = 2, the two eigenvalues will be real and equal and M is called
parabolic element.
• If |tr(M)| > 2, the two eigenvalues will be real and unequal and M is called
hyperbolic element.
Elliptic group elements are characterized by the property Mn = 1 for some finite
integer n, like
M =
(
0 1
−1 0
)
, (A.12)
which has M4 = 1, whereas parabolic elements, like
M =
(
1 1
0 1
)
, (A.13)
do not share this property.
In this paper we are only concerned with parabolic group elements M, and, for
that reason, the corresponding closed string backgrounds associated to T2 fibrations
over S1 with constant flux are called parabolic.
B Parabolic backgrounds and monodromies of currents
In this appendix we give a brief account of the toroidal vacua of closed string theory
with constant fluxes and determine the monodromy properties of their currents in
geometric as well as in non-geometric faces.
B.1 The parabolic backgrounds with constant flux
Recall that the constant flux backgrounds in three dimensions come in four differ-
ent versions, which are related to each other by successive T-duality transformations.
Concretely, we consider the compactification on a three-dimensional torus T3, which
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can be viewed as an F = Tn fibration over the (3− n)-dimensional base space B =
T3−n for n = 0, 1, 2, 3. In the following, we consider all four different cases. The start-
ing point, provided by n = 0, is a flat three-torus T3 parametrized by X I=1,2,3 with pe-
riodic identifications X I ∼ X I + 2πrI , where rI are the three radii of T3, which are all
set equal to 1 for convenience. There is also a 3-form H-flux H3 = H dX
1 ∧ dX2 ∧ dX3
with constant H. The metric and the corresponding B-field are taken to be
GI J = δI J , B12 = HX
3 , B13 = 0 = B23 . (B.1)
The H-flux has to obey a topological quantization condition, which is given, in
general, by (see, for instance, [1])
1
4π2α′
∫
T3
H = k , k ∈ Z . (B.2)
Since the volume of the unit three-torus is (2π)3, it follows immediately that the quan-
tization condition for H takes the following form, in units α′ = 1,
H =
k
2π
, k ∈ Z . (B.3)
For the discussion of T-duality transformations as well as for the CFT computation of
the commutators, we consider the simplest case k = 1.
The quantization condition (B.3) appears to be incompatible with the dilute flux
approximation used in the definition of CFTH, but this is illusive because we have
normalized the radii of T3 as well as α′ to 1 for notational convenience. H has units
[L]−1 and it can be made very small for appropriate choice of radii as can be seen by
reinstating the parameters in natural units in which α′ = l2s .
Performing a T-duality transformation on the one-dimensional circle fibreF = T1
X1
with coordinate X1, one obtains the Heisenberg nilmanifold, which is a twisted torus
without B-field corresponding to the case n = 1. This background is topologically
distinct from T3, since it has a different homology group. Its Levi-Civita connection is
related to the structure constants f IJK of the Heisenberg group, which are the geometric
fluxes. We also note in this respect that the flat 3-torus corresponds to Bianchi-I ge-
ometry, whereas the twisted torus to Bianchi-II. The background fields of the twisted
torus have the following form, setting H ≡ f ,
G =


1 f X3 0
f X3 1+
(
f X3
)2
0
0 0 1

 , B = 0 . (B.4)
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Performing another T-duality in the X2-direction of the two-dimensional torus fi-
bre F = T2X1,X2 , one obtains the so-called Q-space that corresponds to the case n = 2.
This background is again a T2-fibration, but the corresponding metric and B-field are
defined only locally and not globally. Setting H ≡ f ≡ Q for notational purposes, G
and B take the form
G = g(X3)


1 0 0
0 1 0
0 0 1
g(X3)

 , B = g(X3)


0 −QX3 0
QX3 0 0
0 0 0

 , g(X3) = 1
1− (QX3)2
.
(B.5)
The Q-space is not a Riemannian manifold because the fibre F is glued with a T-
duality transformation when transporting it once around the base B and not with a
standard diffeomorphism.
The three backgrounds we have discussed so far take particularly simple form to
linear order in the fluxes, summarized in the table below
Backgrounds Target space fields
Torus + H-flux G =

1 0 00 1 0
0 0 1

 , B =

 0 HX
3 0
−HX3 0 0
0 0 0


Twisted torus G =

 1 f X
3 0
f X3 1 0
0 0 1

+O( f 2) , B = 0
Non-geom. G =


1 0 0
0 1 0
0 0 1

+O(Q2) , B =


0 −QX3 0
QX3 0 0
0 0 0

+O(Q2)
Thus, to linear order, one sees that the Q-flux background looks locally identical to
the H-flux background, up to a sign flip in the flux. However, these two background
are not the same globally, since the Q-flux background is glued together utilizing a
T-duality transformation.
Finally, one can also consider applying a T-duality transformation to the entire
three-dimensional torus, which is seen as a fibration with fibre F = T3X1,X2,X3 over
a base point corresponding to the case n = 3. This last T-duality looks somewhat
problematic, since the X3-direction is no longer a Killing isometry of the background
and the standard Buscher rules cannot be applied as they stand. Nevertheless, this
final step can be performed in the context of the underlying CFT by making a sign
flip in the corresponding coordinate, hereby mimicking the action of T-duality on the
currents, ending up with a "space" that is left-right asymmetric in all three directions.
This defines the so called R-space, setting H ≡ f ≡ Q ≡ R for notational purposes,
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which is non-geometric locally as well as globally.
B.2 Monodromies of geometric H-flux model
The monodromies of the original H-flux background are given by shifts of the B-field,
which act on τ and ρ in the following way under X3 → X3 + 2π,
ρ(X3 + 2π) = ρ(X3)− πH , τ(X3 + 2π) = τ(X3) . (B.6)
This gauge transformation of the B-field corresponds to the O(2, 2)monodromy trans-
formation in the 1, 2-directions given by the group elements
MO(2,2) =


1 0 0 πH
0 1 −πH 0
0 0 1 0
0 0 0 1

 , (B.7)
which indeed act on the Kähler and complex moduli ρ and τ as above.
The shift of the base coordinate X3 → X3 + 2π induces the following closed string
boundary condition on the left- and right-moving closed string coordinates X3L(z) and
X3R(z¯),
X3L(e
2iπz) = X3L(z)− π p˜3 , X3R(e−2iπ z¯) = X3R(z¯)− π p˜3 , (B.8)
where p˜3 = p3L − p3R is the winding number of the closed string in the third direction.
Then, using the winding shifts of X3L,R, it follows from eq.(4.61) that the associated
closed string boundary conditions of the CFT currents J I and J¯ I to linear order in
the flux are
J 1(e−2iπz, e2iπ z¯) = J 1(z, z¯)− π
2
Hp˜3J 2(z, z¯) ,
J¯ 1(e−2iπz, e2iπ z¯) = J¯ 1(z, z¯) + π
2
Hp˜3J¯ 2(z, z¯) ,
J 2(e−2iπz, e2iπ z¯) = J 2(z, z¯) + π
2
Hp˜3J 1(z, z¯) ,
J¯ 2(e−2iπz, e2iπ z¯) = J¯ 2(z, z¯)− π
2
Hp˜3J¯ 1(z, z¯) ,
J 3(e−2iπz, e2iπ z¯) = J 3(z, z¯) ,
J¯ 3(e−2iπz, e2iπ z¯) = J¯ 3(z, z¯) . (B.9)
Thus, the monodromies of the H-flux background act in a left-right asymmetric way
on the currents, transforming the currents into the dual currents and vice versa.
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B.3 Monodromies of geometric f -flux model
Perform a T-duality transformation in the 1-direction we obtain the parabolic f -flux
background with geometric flux. The corresponding monodromies are given as shifts
of the complex structure τ under X3 → X3 + 2π,
ρ(X3 + 2π) = ρ(X3) , τ(X3 + 2π) = τ(X3)− π f , (B.10)
associated to the O(2, 2)monodromy transformation in the 1, 2-directions with group
elements
MO(2,2) =


1 −π f 0 0
0 1 0 0
0 0 1 0
0 0 π f 1

 . (B.11)
Since T-duality acts in this case as J¯ 1 → −J¯ 1, the corresponding closed string bound-
ary conditions of the currents J I take the following form,
J 1(e−2iπz, e2iπ z¯) = J 1(z, z¯)− π
2
f p˜3J 2(z, z¯) ,
J¯ 1(e−2iπz, e2iπ z¯) = J¯ 1(z, z¯)− π
2
f p˜3J¯ 2(z, z¯) ,
J 2(e−2iπz, e2iπ z¯) = J 2(z, z¯) + π
2
f p˜3J 1(z, z¯) ,
J¯ 2(e−2iπz, e2iπ z¯) = J¯ 2(z, z¯) + π
2
f p˜3J¯ 1(z, z¯) ,
J 3(e−2iπz, e2iπ z¯) = J 3(z, z¯) ,
J¯ 3(e−2iπz, e2iπ z¯) = J¯ 3(z, z¯) . (B.12)
Thus, for the f -flux background, the monodromies act in left-right symmetric way on
the currents, meaning that the currents and the dual currents do not mix with each
other.
B.4 Monodromies of non-geometric Q-flux model
Next, performing another T-duality in the 2-direction brings us to the non-geometric
background with Q-flux. The monodromy of the torus is now determined by the
following transformation of ρ and τ under X3 → X3 + 2π,
ρ(X3 + 2π) =
ρ
1− πQρ(X3) , τ(X
3 + 2π) = τ(X3) , (B.13)
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which is an O(2, 2) transformation in the 1, 2-directions with group elements
MO(2,2) =


1 0 0 0
0 1 0 0
0 πQ 1 0
−πQ 0 0 1

 . (B.14)
Here, T-duality is performed by flipping the signs J¯ 1 → −J¯ 1 and J¯ 2 → −J¯ 2, and,
thus, the closed string boundary conditions of the currents are taking the form
J 1(e−2iπz, e2iπ z¯) = J 1(z, z¯)− π
2
Qp˜3J 2(z, z¯) ,
J¯ 1(e−2iπz, e2iπ z¯) = J¯ 1(z, z¯) + π
2
Qp˜3J¯ 2(z, z¯) ,
J 2(e−2iπz, e2iπ z¯) = J 2(z, z¯) + π
2
Qp˜3J 1(z, z¯) ,
J¯ 2(e−2iπz, e2iπ z¯) = J¯ 2(z, z¯)− π
2
Qp˜3J¯ 1(z, z¯) ,
J 3(e−2iπz, e2iπ z¯) = J 3(z, z¯) ,
J¯ 3(e−2iπz, e2iπ z¯) = J¯ 3(z, z¯) . (B.15)
The monodromies are again left-right asymmetric, as for the H-flux model. In fact,
they agree with the monodromies of H-flux background to linear order in the fluxes,
up to a minus sign in the flux, as expected from the previous general discussion.
B.5 Monodromies of non-geometric R-flux model
Finally, coming to the R-flux model, the closed string boundary conditions for the
currents J I are determined by the momentum number p3 and they take the following
form,
J 1(e−2iπz, e2iπ z¯) = J 1(z, z¯)− π
2
Rp3J 2(z, z¯) ,
J¯ 1(e−2iπz, e2iπ z¯) = J¯ 1(z, z¯) + π
2
Rp3J¯ 2(z, z¯) ,
J 2(e−2iπz, e2iπ z¯) = J 2(z, z¯) + π
2
Rp3J 1(z, z¯) ,
J¯ 2(e−2iπz, e2iπ z¯) = J¯ 2(z, z¯)− π
2
Rp3J¯ 1(z, z¯) ,
J 3(e−2iπz, e2iπ z¯) = J 3(z, z¯) ,
J¯ 3(e−2iπz, e2iπ z¯) = J¯ 3(z, z¯) . (B.16)
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This concludes the description of how the monodromies act on the currents in all
T-dual faces of the toroidal fluxmodel. Judging from the action on the ρ and τmoduli,
the corresponding SL(2,R) group elements are parabolic (i.e., of infinite order) using
the nomenclature of Appendix A.
Summarizing, the chain of T-duality transformations of the toroidal background
with constant H-flux, encoded in the diagram
HI JK
TI−→ f IJK
TJ−→ QI JK
TK−→ RI JK ; I, J, K = 1, . . . , 3 , (B.17)
provide the parabolic flux models of closed strings that are in focus in the present
work.
C Some relevant dilogarithmic integrals
In this appendix we collect some useful expressions involving the dilogarithm func-
tion based on series expansions and integral formulae (see, for instance, [75]). We also
evaluate certain commutators used in themain text based on the dilogarithm function.
C.1 Delta-function, step-function and the logarithm
The delta-function on a circle of unit radius is defined through the infinite series
δ(ϕ) = ∑
m∈Z
eimϕ . (C.1)
Likewise, the step-function, which is the integral of the delta-function,
δ(ϕ) =
1
2
d
dϕ
ǫ(ϕ) , (C.2)
is represented by the infinite series
ǫ(ϕ) = − i
π ∑
m 6=0
1
m
eimϕ +
ϕ
π
(C.3)
so that ǫ(ϕ) = 1 for ϕ > 0 (i.e., for σ > σ′), ǫ(ϕ) = −1 for ϕ < 0 (i.e., for σ < σ′)
and ǫ(ϕ) = 0 for ϕ = 0 (i.e., for σ = σ′). Finally, the logarithm is represented by the
infinite series
log(1− eiϕ) = −
∞
∑
m=1
1
m
eimϕ . (C.4)
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Hence, one obtains the following relation between the logarithm, the step-function
and the delta-function,
ǫ(ϕ) =
i
π
log |1− eiϕ|2 + ϕ
π
,
δ(ϕ) =
i
2π
d
dϕ
log |1− eiϕ|2 + 1
2π
= − 1
2π
(
eiϕ
1− eiϕ +
e−iϕ
1− e−iϕ − 1
)
. (C.5)
It useful to introduce a regulator e−δ with δ > 0 when writing infinite series, as in
the example
lim
δ→0+
1
1− e−δ+iϕ =
∞
∑
m=0
eimϕ . (C.6)
The δ-prescription is implicitly assumed hereafter.
C.2 The dilogarithm function
The dilogarithm function follows by integrating the logarithm through the defining
relation
log(1− eiϕ) = i d
dϕ
Li2(e
iϕ) , (C.7)
leading to the expression
Li2(e
iϕ) = −i
∫ ϕ
dϕ˜ log(1− ei ϕ˜)
=
∞
∑
m=1
1
m2
eimϕ . (C.8)
When these relations are written in terms of the complex variable z = eiϕ they assume
the form
Li2(z) = −i
∫ z
0
dz˜
log(1− z˜)
z˜
=
∞
∑
m=1
1
m2
zm . (C.9)
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Finally, we define the closely related function Li2(eiϕ) as follows
Li2(eiϕ) = Li2(eiϕ) + Li2(e−iϕ) = −i
∫ ϕ
dϕ˜ log
(
1− ei ϕ˜
1− e−i ϕ˜
)
=
∞
∑
m 6=0
1
m2
eimϕ . (C.10)
C.3 Certain dilogarithmic commutators
We are now in position to evaluate certain commutators that appear in the main text
and help to establish the non-commutative structure of the non-geometric flux back-
grounds. First consider the following (prototype) commutator
(i) [X(z),
∫ w
dw˜ X(w˜)w˜ ]:
This example is used as prototype for the computation of all other commutators in the
following. Using the δ-prescription, it assumes the form
[
X(z),
∫ w
dw˜
X(w˜)
w˜
]
|z|=|w|
=
1
2
lim
δ→0+
(∫ w
dw˜
log(z− w˜)
w˜ |z|=|w|+δ
−
∫ w
dw˜
log(z− w˜)
w˜ |z|=|w|−δ
)
. (C.11)
Choosing z = e±δ−iσ, w = e−iσ′ and w˜ = e−iσ˜′ and setting ϕ = σ− σ′ and ϕ˜ = σ− σ˜′,
we note that integration takes place over a circular path of unit modulus. Since dw˜ =
iw˜dϕ˜, the expression above becomes
[
X(z),
∫ w
dw˜
X(w˜)
w˜
]
|z|=|w|
=
π
2
∫ ϕ
dϕ˜
(
1+
ϕ˜
π
− i
π ∑
m 6=0
1
m
eimϕ˜
)
=
π
2
(
ϕ+
ϕ2
2π
− 1
π ∑
m 6=0
1
m2
eimϕ
)
=
π
2
(
ϕ+
ϕ2
2π
− 1
π
Li2(e
iϕ)− 1
π
Li2(e
−iϕ)
)
=
π
2
(
ϕ+
ϕ2
2π
− 1
π
Li2(eiϕ)
)
. (C.12)
Thus, for ϕ = 0, we obtain the result
[
X(z),
∫ w
dw˜
X(w˜)
w˜
]
|z|=|w|
= −π
2
6
. (C.13)
46
(ii) [X(z),
∫ w
dw˜∂w˜X(w˜) log w˜]:
Using the δ-prescription, as before, this particular commutator is given by
[
X(z),
∫ w
dw˜∂w˜X(w˜) log w˜
]
|z|=|w|
=
= −1
2
lim
δ→0+
(∫ w
dw˜
1
z− w˜ log w˜|z|=|w|+δ−
∫ w
dw˜
1
z− w˜ log w˜|z|=|w|−δ
)
.(C.14)
Integration by parts bring it into the form of the previous example, noting that the
boundary contributions arising from partial integration cancel from the two terms of
the commutator. Thus, we obtain the result
[
X(z),
∫ w
dw˜∂w˜X(w˜) log w˜
]
|z|=|w|
=
= −1
2
lim
δ→0+
(∫ w
dw˜
log(z− w˜)
w˜ |z|=|w|+δ
−
∫ w
dw˜
log(z− w˜)
w˜ |z|=|w|−δ
)
= −π
2
(
ϕ+
ϕ2
2π
− 1
π
Li2(eiϕ)
)
. (C.15)
(iii) [X(z),
∫ w
dw˜∂w˜X(w˜) log ¯˜w]:
This example as well as the next one involve non-homomorphic expressions. This
particular commutator is relevant for computing ΘLL in the main text, whereas its
complex conjugate expression is relevant one for computing ΘRR. Since we are always
integrating over circular paths, we use log ¯˜w = − log w˜ to cast this commutator into
the form [
X(z),
∫ w
dw˜∂w˜X(w˜) log ¯˜w
]
|z|=|w|
=
=
1
2
lim
δ→0+
(∫ w
dw˜
1
z− w˜ log w˜|z|=|w|+δ−
∫ w
dw˜
1
z− w˜ log w˜|z|=|w|−δ
)
=
π
2
(
ϕ+
ϕ2
2π
− 1
π
Li2(eiϕ)
)
. (C.16)
(iv) [X(z),
∫ w¯
d ¯˜w
X(w˜)
¯˜w
]:
This last example is relevant for computing ΘLR and ΘRL in the main text. As before,
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we have [
X(z),
∫ w¯
d ¯˜w
X(w˜)
¯˜w
]
|z|=|w|
=
1
2
lim
δ→0+
(∫ w¯
d ¯˜w
log(z− w˜)
¯˜w |z|=|w|+δ
−
∫ w¯
d ¯˜w
log(z− w˜)
¯˜w |z|=|w|−δ
)
(C.17)
Since d ¯˜w = −i ¯˜wdϕ˜, it follows that
[
X(z),
∫ w¯
d ¯˜w
X(w˜)
¯˜w
]
|z|=|w|
= −π
2
∫
dϕ˜
(
1+
ϕ˜
π
− i
π ∑
m 6=0
1
m
eimϕ˜
)
= −π
2
(
ϕ+
ϕ2
2π
− 1
π ∑
m 6=0
1
m2
eimϕ
)
= −π
2
(
ϕ+
ϕ2
2π
− 1
π
Li2(eiϕ)
)
. (C.18)
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